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Introduction

I formalized the Gelfand-Naimark-Segal (GNS) construction
using Lean, a programming language that can verify the
correctness of mathematical proofs.

The GNS construction is a method of constructing a
*-homomorphism from a C*-algebra into the algebra of bounded
operators on an appropriately constructed Hilbert space. The
GNS construction is an essential step in the proof the
Gelfand-Naimark theorem, which is a foundational theorem in
the theory of C*-algebras [1].

This formalization has been merged into Mathlib, the canonical,
open-source library of mathematics in Lean [2].

Definitions

A C*-algebra is an algebra A over C that is closed with respect
toits norm | - |, and has a map *: A — A called the adjoint
such that for all c € C, and g, b € A, the map *

e is conjugate linear: (ca + b)* = ca* + b*,

e is anti-multiplicative: (ab)* = b* a*,

e is involutive: (a*)* = a, and

o satisfies the C*-identity: ||a||§ = [la*al,.

A positive linear functional is a continuous linear map f: A —
C such that 0 <f (a*a) for all a € A.

A *-homomorphism is a *-preserving algebra homomorphism
(linear, multiplicative map) between *-algebras (algebras with
an adjoint).
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The GNS Construction

Theorem (Gelfand-Naimark-Segal Construction):

Let A be a C*-algebra.

/ variable (f :
Let fbe a positive linear functional on A. / def PreGNs (f

There exists a pre-inner product space A, whose elements are
the elements of A, and whose semi-inner product is defined

Formalizing the GNS Construction

variable {A : Type*} [NonUnitalCStarAlgebra A]
[PartialOrder A] [StarOrderedRing A]

A —[C] C)
i A =p[C] C) := A

abbrev preGNSpreInnerProdSpace :
PreInnerProductSpace.Core C f.PreGNS where

= £ (%
{a, h)f f@a h)'\> inner a b := f (star (f.ofPreGNS a) * f.ofPreGNS b)

There is also a function ;iA—BA) defined fora € Aand x €
Aas ’
7 (a)(x) = ax.

Then, if we define H , to be the Hausdorff completion of A ’ with
respect to its semi-inner product-induced semi-norm, H 1s a
Hilbert space. '

And, there exists a *-homomorphism 7 (a) : H,— H that is the

def leftMulMapPreGNS (a : A) :
f.PreGNS -L[C] f.PreGNS := ...

abbrev GNS := Completion f.PreGNS

def gnsNonUnitalStarAlgHom :
A -*na[C] (f.GNS -L[C] f.GNS) where

— toFun a := (f.leftMulMapPreGNS a).completion

completion of 7, (a): A —A.

Why Formalize Mathematics?

In “Why formalize mathematics?,” by Patrick Massot [3], he explains five main reasons that people formalize mathematics. Two of

those reasons are:

Verifying Correctness

Where conventional mathematical proofs rely on the

understanding of a human reader to interpret and be convinced

by a proof, formal proofs are machine verified by a program that

will only accept a proof that is 100% correct and complete.

This eliminates potential issues from:

e missing edge cases,

e references to inaccessible or incomprehensible literature, and

e proofs being too large or complex for one person to reasonably
verify themselves.

Supporting Collaboration

Formal proofs make it easier to subdivide and delegate tasks,
because each proof can be developed/edited without impacting
the work of any other collaborators and can be verified with no
additional human labor.

Examples of collaborative formalization projects include:

o the project to formalize Fermat's Last Theorem [4],

e the Liquid Tensor Experiment [5],

e the Prime Number Theorem (PNT+) project [6], and

e Mathlib [2].
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